We revisit the problem of baryons in the large N limit of Quantum Chromodynamics.
Introduction
In this note we consider some problems concerning baryons in Quantum Chromodynamics (QCD). We take the gauge group to be SU (N ) and the number of flavors to be N f . Throughout this paper, the quarks are taken to be degenerate with mass M and θ QCD = 0. The mass M is real and non-negative.
It has been known for several decades that in the large N 't Hooft limit [1] baryons should be viewed as solitons [2, 3] . This is because the effective coupling constant in large N theories is 1/N while the mass of baryons scales linearly with N , suggesting that it can be understood, in some sense, as a soliton (the mass of solitons typically scales like the inverse of the coupling constant).
While the theory of baryons as classical solitons is on firm footing at large N , many of the results can be successfully applied also at finite N and compared with particle physics data. See, for instance, [4, 5, 6 ] for reviews and references. We will also review some of the most important ingredients below.
We will now discuss both the macroscopic and the microscopic points of view on baryons:
Macroscopic Considerations
If the quarks are light (but not necessarily massless) and N f is sufficiently small then due to chiral symmetry breaking QCD is well described at low energies by (pseudo-) Nambu-Goldstone fields moving on the group manifold SU (N f ). For N f ≥ 2 we have that π 3 (SU (N f )) = Z and this leads to a conserved charge, which should be identified with baryon number. At large N the classical solutions which carry this charge are trustworthy. Indeed, the action on the group manifold is proportional to N and hence one has a systematic expansion around these solutions in powers of 1/N . These solutions are called Skyrmions and they are identified with baryons. Indeed, the baryons at large N are heavy objects, with mass scaling linearly with N . The quantization of the collective coordinates of the Skyrmion leads to a tower of baryons with various quantum numbers under SU (N f ) and various values of the spin.
An important property of these baryons is that their "size" does not scale with N . This is simply because the factor of N is an overall factor in the action (to leading order) and hence the classical equations of motion are independent of it. While this leads to many simplifications, it makes the detailed properties of baryons hard to predict because the precise classical solution would depend on the higher-derivative terms in the chiral Lagrangian. Many properties of the baryon (especially the qualitative ones) are however independent of these higher-derivative corrections. One can fix some of the parameters of the higher derivative terms and study detailed phenomenological properties.
Here we would like to make a comment, which puts the discussion below in a general perspective.
1 At large N , QCD can be viewed as a nearly-free theory of mesons and glueballs. One can then ask, where are the baryons? One could try to identify the baryon charge with π 3 of the entire space of fields. It is therefore a welcome surprise that it is sometimes enough to consider π 3 of the mesons that correspond to the (pseudo-) NambuGoldstone bosons of chiral symmetry breaking. However it is not guaranteed that this prescription correctly describes all the baryons. 2 In fact, this is the main point of this note. We will consider some situations where the baryons are clearly not captured by just the (pseudo-) Nambu-Goldstone bosons.
The baryons we study here can be understood from the low-energy degrees of freedom, but these are not just the (pseudo-) Nambu-Goldstone bosons. This leads to a compelling new universal picture for those baryons.
To understand why it is necessary to go beyond the standard formalism associating the baryon charge with π 3 of the (pseudo-) Nambu-Goldstone bosons it is useful to consider the "extreme" case of N f = 1. One may think that since the SU (N f ) group manifold trivializes there is no hope to have a macroscopic description of the baryons in that theory.
However, there is one key point that we have neglected, which is that at large N there is a light η ′ particle if the quark's mass is parametrically below the QCD scale [8, 9] . The η ′ particle leads to the U (1) group manifold (perhaps with some potential on the circle).
It may still seem hopeless that we can describe baryons macroscopically with just the η ′ since π 3 (U (1)) = 0.
3 But, as we will summarize below, it proves possible to give a macroscopic description of baryons in spite of the fact that π 3 (U (1)) = 0. We will argue that some extended excitations of the η ′ field carry a nontrivial Topological Field Theory (TFT) that arises due to the dynamics of some heavy (glueball) fields that re-arrange.
The heavy fields that re-arrange are not visible at low energies, except that they lead to a 1 We thank E. Witten for this comment.
2 See, for instance, [7] for a recent demonstration that enlarging the space of mesons may improve upon the predictions of the Skyrme model. 3 Of course, the same difficulty with describing baryons for N f = 1 arises in holography, see for instance [10] for a discussion.
subtle singularity on the η ′ circle. In this sense, our construction involves the η ′ (pseudo-) Nambu Goldstone as well as a subtle effect due to glueballs which lead to a TFT on some extended excitations of the η ′ field. It is the combination of the η ′ field and the TFT that allows us to define baryon number. Using these observations one can write explicit classical configurations which carry baryon number. These configurations are chiral density waves on the boundary of the sheet. We will explain this in detail.
Our description uncannily captures many qualitative properties of the baryon in oneflavor QCD correctly. In particular, we find that the typical size of the baryon does not scale with N , the mass scales linearly with N and the the spin is N/2, exactly as expected from the microscopic description (see below). We also generalize our description to N f > 1.
There, in addition to the ordinary Skyrmions, we can consider our extended excitations of the η ′ field and the accompanying TFT that lives on these extended objects. This again leads to objects with baryon number. We show that their isospin and spin exactly match what we expect from the phenomenology of baryons. Their mass, size, and excitations are likewise in agreement with general expectations.
In our picture, the baryons correspond to vertex operators in a certain chiral algebra that lives on the boundary of a 2+1 dimensional sheet with a TFT. While both our description and the ordinary Skyrmions capture the quantum numbers correctly, as we will argue, it is natural to assume that for low-spin baryons the ordinary Skyrmions are more adequate and for high-spin baryons the new picture where baryons are vertex operators in a chiral algebra is more appropriate. Indeed, for N f = 1 the baryons are necessarily of high spin (since the wave function has to be symmetric in the spin quantum numbers -see below) and the new picture involving the η ′ and the TFT is the only available macroscopic description of such baryons.
Microscopic Considerations
When the quarks are very heavy (compared to the QCD scale) we are in the nonrelativistic regime and hence the quarks do not move much. For this reason the spin essentially decouples from the dynamics. In particular, baryons that are made of just one flavor (whether N f = 1 or N f > 1) have spin N/2. This is because the wave function is completely anti-symmetric in color and hence it must be completely symmetric in spin, which means that all the spins are aligned. The baryon is essentially spherically symmetric in shape and the wave function takes the form of a product over one-particle wave functions as explained in [2] . In fact, in this limit of heavy quarks it does not really matter whether the baryon is made of several different quark species or not, as this would only affect the structure of the wave function in the spin-isospin space but the coordinate space wave function would still take the form of a product and and the baryon would be essentially spherical. Since the wave function factorizes into a product of single-particle wave functions, it follows that the baryon size does not scale with N , in agreement with the prediction of the macroscopic model.
Things get more interesting when we lower the mass of the constituent quarks. The main effect that comes to play is that the quarks become more mobile and hence the spinorbit and spin-spin couplings becomes more important. As long as the total spin is O(1)
in the large N limit, this effect is again not important since it does not compete with the other contributors to the energy of the baryon (such as the potential and kinetic energies, which are of order N ) and the picture of a spherical baryon continues to hold to a good approximation. As we lower the mass of the constituent quarks further these baryons should be eventually describable by the macroscopic theory based on the group manifold SU (N f ), elaborated upon above. This is essentially the logical basis for the literature on Skyrmions.
By contrast, for baryons with total spin O(N ), as we lower the mass and the constituent quarks become more mobile, we now cannot neglect the spin-orbit and spin-spin interactions. It is likely that it produces a configuration that is not rotationally symmetric.
One-flavor QCD allows to focus our attention on this phenomenon because the baryon has spin N/2 in the large mass limit and hence as the mass is lowered we might indeed worry about the spin-orbit and spin-spin couplings. Such high-spin baryons of course exists also if N f > 1. They have a high spin as long as they are made out of predominantly one flavor. These high-spin baryons are possibly spatially deformed. Our description of these baryons, associating them to some edge excitations on the boundary of a 2+1 dimensional pancake (which carries a TFT) therefore reflects some of these old expectations that these baryons should be spatially deformed.
Summary of Results and Outline
Let us first summarize our results for N f = 1, which distills the issues with high-spin baryons and illuminates some general new phenomena that occur in the chiral Lagrangian.
If the quark's mass is small but nonzero we argue that the theory admits excitations that look like infinite sheets (i.e. co-dimension 1 configurations). This is puzzling at first sight because from the point of view of the infrared theory these sheets carry a conserved charge and hence cannot decay. But there are no such unbreakable sheets in the full QCD theory. These sheets could decay by producing vortices from the vacuum. Unfortunately the mass of these vortices is incalculable in the infrared theory (it formally diverges). This is why from the point of view of the infrared observer the sheets seem stable. But in the full theory the vortices cost finite energy and the sheets are allowed to decay. An important ingredient in our proposal is that these sheets are actually meta-stable in the full theory. Their decay is through the spontaneous creation of holes in the sheet, which can be estimated to lead to a decay probability that scale like e −N .
Therefore, at large N we are dealing with some extended excitations of the η ′ field which are very long lived. It therefore makes sense to study the theory of these excitations as well as the properties of the boundaries of these sheets.
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It turns out that due to the re-arrangement of some heavy glueballs on these sheets, the sheets carry a nontrivial topological field theory. In fact, these sheets should be thought of as droplets of a fractional Hall state. It is an Abelian quantum Hall state for N f = 1.
The sheets generically eventually decay. However, we show that the boundary of the sheet has a chiral algebra and some excitations in the chiral algebra carry baryon number. If the boundary has such an excitation then the sheet can no longer completely decay due to the conservation of baryon number. This is quite analogous to the Skyrmions -large Skyrmions always tend to shrink but we know that the baryon number that the carry will prevent them from disappearing altogether. Interestingly, the baryon gauge field couples to the TFT on the sheet exactly in the same fashion that electromagnetism couples to the fractional quantum Hall state.
The essential new point which allows us to make some progress on this old problem of baryons in the large N limit is the TFT in the low-energy theory on the sheet. This is the key ingredient which allows to write configurations on the sheet which carry baryon number. Indeed, the TFT degrees of freedom on the sheet allow to write explicit configurations with baryon number. This construction therefore bridges the gap between the ultraviolet baryons and the infrared effective theory; We now have a description of the baryons in terms of objects in the infrared field theory, where the effective coupling constant is small.
The baryons appear as solitons in our effective field theory in a very precise sense: the theory on the edge of the sheet has a big circle in target space and the baryon is the heavy configuration which winds around it.
This formalism allows us to compute robustly many properties of these baryons. The baryons we find have mass ∼ N , spin N/2, and their size that does not scale with N .
Furthermore, small excitations of this baryon also behave as expected in terms of their large N scaling. The theory of baryons therefore essentially boils down to studying the properties of Hall droplets. These droplets have some tension that tends to shrink the droplet but the baryon excitation at the edge counteracts this attractive force. For large enough droplets we can compute precisely these two effects and we can see that they counteract each other.
Similarly to the usual theory of Skyrmions, while many qualitative properties do not depend on the properties of various higher-derivative interactions, to make quantitative predictions (e.g. concerning the exact energy and charge distributions) one needs to invoke a concrete model of the properties of the Hall droplet. Indeed, while we can compute the tension of the droplet and the force due to the edge mode reliably for large droplets, these two effects offset each other when the size of the droplet is comparable to the strong interactions scale. This is essentially good news because we expect the baryon to be of that size. But that means that, as in all the Skyrmion models, to make quantitative predictions we are required to make some assumptions about what happens in that regime of small droplets.
An interesting general phenomenological prediction of what we find is that the low lying excitations of these baryons are chiral modes. This is entirely not obvious from the microscopic point of view. Since the baryon should be thought of as a Hall droplet, at least in some naive sense, it is flattened into a pancake-like shape so the fact that the excitations are chiral is certainly possible. Since the baryon has size of order the inverse strong coupling scale, the energy gap to these chiral excitations is of order the strong coupling scale, so in practice it may not be easy to disentangle them from other excitations. (Since the sheet is long lived one can also imagine, as a thought experiment, pumping energy to the system and stretching the droplet. Then, the gap to exciting the chiral edge modes shrinks and they can be then cleanly disentangled from 3+1 dimensional bulk excitations. In this thought experiment it is also obvious that the baryon density is supported near the edge of the droplet, namely, the quarks are pushed to the boundary of the droplet and arise as edge excitations.)
Another general surprising qualitative prediction concerns with the glue content of the baryon. While for simple (low-spin) baryons we expect that the quarks will be connected by flux tubes, the gluon content of this high-spin baryon is quite exotic: it is a pancake with a topological field theory. When we bring some external quarks nearby this pancake, they become de-confined and pick up fractional spin (so they become anyons on the baryon).
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Furthermore, one can invest some energy and bring one of the constituent quarks of the baryon into the bulk of the pancake; this also makes it behave like an anyon. Now let us briefly summarize our results for N f > 1. For N f > 1 there are two main new ingredients:
1. In addition to baryon number, there is isospin symmetry SU (N f ). The baryons (along with all the other states in the theory) transform under some representations of
Here s i ∈ {1, 2} corresponding to the spin and f i ∈ {1, ..., N f } corresponding to the isospin quantum numbers. Since it is completely anti-symmetric in the color indices it must be symmetric under the exchange of any pair (
the baryon is in the completely symmetric representation
where stands for the fundamental representation of isospin.
2. In addition to the Hall droplet baryons, there are also the ordinary Skyrmions that originate from π 3 (SU (N f )).
We identify the TFT on the extended sheet. It is now a non-Abelian Chern-Simons theory. An encouraging result is that our TFT admits natural boundary conditions so that the states of the droplet are in representations of isospin and baryon number. This allows us to compare these states with QCD. Considering the chiral edge modes, we find that the object which carries baryon number miraculously furnishes precisely the correct representation (1.1) for the spin N/2 baryon, i.e. the representation Sym N ( ) under isospin. We discuss the relation to the ordinary Skyrmions and suggest that the Hall droplet description is more suitable for the high-spin baryons. As before, the mass, size, and excitations of the baryons are in qualitative agreement with general expectations, while and spin and isospin quantum numbers exactly agree with the phenomenological expectations.
The outline of the note is as follows. In section 2 we discuss a model in 2+1 dimensions which fleshes out some useful analogies for our main discussion. In section 3 we present the main results for N f = 1 QCD. In section 4 we carry out the analysis for N f > 1. Our discussion of N f > 1 is quite brief; many issues are left for the future.
2. Warm-Up: Confinement in 2+1 Dimensional U (1) Gauge Theory A pedagogically useful model to consider is U (1) gauge theory in 2+1 dimensions (with no Chern-Simons term) with a charge 1 scalar, Φ.
We take the potential for the scalar Φ to be
and we assume that M 2 > 0 and very large compared to all the other energy scales in the problem. (The Lagrangian is written in Euclidean signature.) This allows us to safely integrate out Φ. The infrared theory is described by a U (1) gauge field, which can be dualized to a compact pseudo-scalar ϕ with periodicity 2π,
We will further assume that in the original gauge theory monopole operators with a small coefficient are added to the Lagrangian, such that in terms of the dual scalar ϕ there is a potential. For simplicity, we will take the effective theory in the infrared to be
where we suppressed higher-derivative terms and various possible corrections to the potential. We will discuss them soon. e 2 and ǫ have dimension of a mass and ǫ is taken to be positive. The theory describes a non-degenerate trivially gapped vacuum at ϕ = 0 mod 2π.
The theory (2.2) admits a conserved current with two indices
In the terminology of [15] (and see references therein), we can refer to (2.3) as a U (1) one-form symmetry. This current is conserved even if we further complicate the potential in (2.2) or add arbitrary higher-derivative interactions. It is conserved simply because the space of ϕ configurations is a circle and π 1 (S 1 ) = Z. The charged objects are strings.
On one side of the string ϕ is at 0 and on the other side it is at 2π. Therefore, on both sides of the string we are in the same unique trivially gapped vacuum. 6 The string has finite tension and finite width. From the perspective of a deep low-energy observer, it is a co-dimension 1 object. The tension of the string scales like
and the width of the string scales like
The effective theory on the string consists, at low energies, of the center of mass degree of freedom, which describes small transverse fluctuations of the string. There are no other light fields on the worldvolume of the string. To leading order, the Lagrangian of the center of mass degree of freedom is given by the Nambu-Goto term. The conservation of (2.3) guarantees that this string, once created, is unbreakable. It is useful to understand why it is unbreakable from the low-energy point of view. At first sight it seems possible to terminate the string with a vortex, namely, a point around which ϕ has a monodromy ϕ → ϕ + 2π. See fig. 1 . However, the energy near this end-point would be bounded below by a constant times d 2 x 1 r 2 (∂ θ ϕ) 2 with θ the angle around the vortex and r the radial coordinate. dθ(∂ θ ϕ) 2 is bounded below by
2 is bounded below by 2π dr r , which diverges logarithmically in the ultraviolet (there is no infrared divergence if there are two vortices, such as in fig. 1 ).
This means that as far as the effective theory is concerned the mass of these vortices is incalculable.
7 It is therefore impossible to create such vortices from the point of view of the effective theory and this is why the string charge is conserved. Whether these vortices ultimately have a finite mass depends on the ultraviolet of the theory and cannot be inferred from the ϕ effective theory alone.
In our model (2.1) there is no such conserved current (2.3) and therefore we do expect that such vortices exist and have a finite mass, allowing to screen the string. Therefore, we should regard the symmetry associated to the current (2.3) as an accidental one-form symmetry. (It is accidental though in a stronger sense than an ordinary accidental symmetry: here the symmetry remains regardless of the local operators made out of ϕ that are added to (2.2).) More conceptually, the stability of the string from the infrared point of view is guaranteed by the fact that the field space is non-simply connected. In the full theory that circle is contractible (contracting it requires climbing up a potential barrier).
To understand how this symmetry is broken we need to identify the excitations in the full theory that regulate the divergence at the core of the vortex. In fact, it is easy to identify the vortices with the charged scalar Φ in our theory (2.1). The string is essentially the "confining" string in the phase with large positive M 2 and the vortices are the electric particles Φ which are "confined." This is the confinement mechanism of [16] . Therefore, the mass of the vortex is indeed finite in the full theory, and it is related to the mass of the charged particle M . This identification makes perfect sense since the one-form symmetry is broken in the full theory by these charged particles Φ.
We could also imagine scenarios where, for example, the only dynamical particle has charge 2 under the U (1) gauge symmetry in which case the fundamental string cannot be screened and the full theory has a Z 2 symmetry protecting the fundamental string.
This Z 2 symmetry would be then embedded in the U (1) symmetry (2.3). In this case, the elementary vortex truly has infinite mass and the string would be unbreakable. But two copies of the string could be broken by the creation of a double-vortex, which now has finite mass.
We could estimate the probability of decay per unit length per unit time in the full theory in the thin-string approximation (it is justified when the mass of Φ, M , is large).
7 Since the effective theory breaks down close to the core of the vortex, the mass of these vortices is incalculable rather than infinite. Adding higher-derivative terms to (2.2) would introduce power divergences to the mass of the vortex on top of the logarithmic divergence we are discussing.
For this we only need to know the end-point (vortex) mass and the tension (2.4). The action of creating a hole of length L in the string consists of the contribution from the tension T L 2 and from the mass of the two end points, M L (we neglect order one factors).
The total Euclidean action of the instanton is thus minimized for L 0 ∼ M/T , which is the typical size of the hole and the action is thus S 0 ∼ M 2 /T , which leads to a decay probability, Γ, that behaves like
In particular, the string is very long lived for large M and if the mass is infinite, the string is exactly stable. The length scale of the typical hole L 0 ∼ M/T can be understood intuitively as follows: We can ask, given a string of length L, at what point does it pay off to create a pair of Φ particles from the vacuum and screen the string. The energy in the string is of order T L, while the energy of creating a pair from the vacuum scales like M . Therefore, it becomes advantageous to screen the string starting from the length scale L 0 . For some original literature on the process of string snapping due to such instantons see [17] . See also [18] for the holographic perspective. Here we will be mostly interested in the opposite limit, where the mass M is small compared to the strong coupling scale. Then, in the large N limit, the long-distance theory consists of the η ′ meson [8, 9] .
The η ′ field is a periodic field, valued on the circle, as before, η ′ ≃ η ′ + 2π. The effective theory is then given by
Above, Λ QCD stands for the scale of strong interactions and F π is the decay constant, which has dimensions of mass. (We essentially define the scale of strong interactions Λ QCD such that the coefficient of the cosine above is just 1.) Since F 2 π ∼ N in the large N limit, the above Lagrangian is of order N . There are important corrections to this Lagrangian at the next order in the 1/N expansion, but we will neglect them in the meanwhile. In addition, there are higher-derivative terms and various other terms that depend on higher orders in M . We will discuss soon the effects of all these.
Clearly the physics of the model (3.1) is in some respects quite analogous to that of (2.2), so some of the things we have studied in that context can be now carried over with only minor adaptations. In particular, η ′ = 0 mod 2π is the unique trivially gapped ground state of the theory. 8 The model has a topologically conserved current with three indices (this is a two-form U (1) symmetry) associated with π 1 (S 1 ),
The charged objects are now sheets (we will soon find a more suitable name for them), across which η ′ changes from 0 below the sheet to 2π above the sheet. These sheets could end on some string-like objects (we may also refer to them as vortex loops -they are the analogs of the charged particle in the previous section) around which η ′ has the monodromy η ′ → η ′ + 2π. Within the effective Lagrangian (3.1) the tension of these strings is incalculable. It diverges logarithmically in the ultraviolet, as before. It is important to note that this logarithmic divergence now scales like Our main objective is to understand the effective theory on the sheet and then the allowed boundary conditions, which will shed some light on the nature of these vortex loops.
Before we study the effective field theory on the sheet and its boundaries, one has to argue that the question makes sense. We anticipate that the divergence in the energy of the vortex loop will be regulated in the full theory, since the sheet must be able to decay in the full theory. So we need to estimate the lifetime of the sheet. Since the tension of the vortex loop scales like N , and since the tension of the sheet itself scales like N (both follow simply from the fact that the Lagrangian (3.1) is of order N ), it immediately follows that the decay probability per unit volume and per unit time, Γ, obeys
While it is hard to compute the decay probability in detail due to the fact that the size of a typical hole is of the order of the QCD strong coupling scale, the N scaling should be robust due to the fact that the action scales like N . 9 Since our extended 2+1 dimensional sheet is meta-stable, the question of finding the effective theory on it makes sense.
An intuitive way to understand the scaling (3.4) is to recall again that the conserved current (3.2) is due to the π 1 of the η ′ space of configurations. But it could be that in the full theory that circle is contractible if we climb up some potential barrier. Since η ′ is the phase of the condensate Ψ Ψ , the top of the potential barrier is a point where the condensate vanishes. The potential energy for the condensate scales linearly in N since it comes from the disc diagram. Therefore, the potential energy barrier to un-winding η ′ and hence poking a hole in the sheet scales linearly in N . See also a related analysis in [23, 24, 25] .
Normally, it would be possible to determine the effective theory on the sheet from the η ′ Lagrangian alone (3.1). But then there would no natural way to couple baryon number to any of these excitations. The point is that the η ′ effective theory (3.1) is incompletethere is a cusp singularity which reflects an important effect missed by the η ′ theory. It is because the η ′ theory is incomplete that we can re-interpret some excitations of the theory as baryons.
Let us therefore study the theory on the sheet more closely. From the point of view (3.1) the sheet is just a feature-less object through which η ′ winds around the S 1 .
But here there is a crucial and conceptual difference from the 2+1 dimensional toy model for the confining string of section 2. In fact, the S 1 parameterized by the η ′ field is not smooth. There is a cusp at η ′ = π. This cusp is not visible at the level of (3.1) but it appears clearly when we include 1/N corrections. Indeed, at the next order we find a term proportional to
which is a perfectly smooth and 2π periodic function except at η ′ = π mod 2π. Such a cusp singularity in an effective theory is quite mild. It does not signal the appearance of new light particles in 3+1 dimensions. The physical interpretation of the cusp is that some heavy fields need to rearrange at that point (that means that some heavy fields jump from one vacuum to another) and that is why the effective field theory description (3.1) fails.
It is a rather subtle failure of effective field theory which has some consequences also in 3+1 dimensions, but perhaps its most dramatic effects arise when one studies the effective theory of the sheet.
The first important fact is that since some heavy fields rearrange at η ′ = π, the tension of the sheet is different from the result that would follow from just solving the appropriate equations of motion of (3.1). Indeed, the contribution from just the motion of η ′ across the sheet scales like
QCD . But due to the rearrangement of the heavy fields the tension is in fact
This scaling (3.5) follows from general large N arguments. It can be obtained also from the following (somewhat roundabout) considerations: Our sheet may decay through nonperturbative effects in the 1/N expansion (3.4) because it does not separate two distinct vacua and because it does not carry a conserved charge in the full theory. However, there is a closely related construction where a similar sheet is exactly stable since it separates two distinct stable vacua (then, creating a hole by a tunneling effect is inconsistent and the wall is stable). This situation was analyzed in detail in [25, 13] (see also [11] ). One conclusion relevant for us here is that the contribution to the tension from the η ′ field crossing the cusp must scale like (3.5).
Before proceeding to studying the effects of this cusp on the effective theory on the sheet, we must make some cautionary remarks. Within an effective theory such as (3.1), for sufficiently small M , the sheet is guaranteed to be a meta-stable configuration in the theory, decaying through non-perturbative effects that scale like (3.4). However due to the cusp singularity at the core of the sheet, and the fact that some heavy fields are rearranged at the core of the sheet, strictly speaking we cannot prove that the sheet must be a meta-stable configuration in the theory. It may disappear altogether. While one can give several qualitative arguments supporting the existence of the sheet in spite of the slight singularity in the effective theory, at present this is not proven and should be viewed as an assumption.
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The effective theory on the sheet always includes the center of mass degree of freedom, described by the Nambu-Goto action. This Nambu-Goto action captures small transverse fluctuations of the sheet. When we write below the effective theory of the sheet below we omit the Nambu-Goto part. The most important effect from crossing the singularity at η ′ = π can be again understood from the analysis of [13, 11] . It turns out that the sheet acquires a Topological Field Theory (TFT) that lives on its surface. This TFT was identified in [13, 11] with the SU (N ) −1 TFT: (This is not a proof, it is simply a heuristic explanation.)
We now need to understand how to couple the baryon background gauge field A B to the TFT (3.6). In fact, the most convenient way to do so is to first use level-rank duality:
We therefore introduce a u(1) gauge field a and write the theory on the sheet (again, we are omitting the Nambu-Goto sector associated to the fluctuations of the sheet in the orthogonal direction) as
Indeed, level-rank duality (3.7) exchanges the baryon symmetry in the SU (N ) −1 description with the magnetic symmetry in the description based on U (1) N . 11 This allows us to write the coupling of the baryon gauge field to the low energy theory rather explicitly (3.8).
We see that our sheet is in fact a droplet realizing the fractional quantum hall effect. For this reason, we henceforth refer to the sheet as a "Hall droplet." In fact, the coupling of 11 An extensive discussion of the map between the baryon symmetry and the magnetic symmetry in level-rank duality can be found in [27] .
A B above is precisely like the coupling of the electromagnetic gauge field to the emergent gauge field in the fractional quantum Hall effect.
12
It is now straightforward to study the effects of having a boundary for M 3 . (See [30, 31] for the general analysis and [32] for a review.) We will assume that the boundary is a circle of radius L. There are various possible boundary conditions and boundary degrees of freedom. They are constrained by consistency with the bulk being a Chern-Simons theory.
The most natural choice (and the one with the smallest possible central charge) is given in terms of the description (3.8). We simply impose Dirichlet boundary conditions for the gauge field a. 13 This implies that the allowed gauge transformations become trivial on the boundary. Hence, the Hilbert space of states on the droplet is in representations of a global U (1) symmetry. This U (1) symmetry (which is the remnant of gauge transformations on the boundary) is precisely the same as the baryon symmetry U (1) B . This identification 12 We should also determine the baryon gauge field counter-term in (3.8), namely, the coefficient of the term A B ∧ dA B . Such a term does not affect the dynamics on the edge or the anyons in the bulk, but it is important in order to extract the Hall conductivity. Typically only the fractional part of the conductivity is physically meaningful [28, 29] but in the present situation the full theory is four dimensional, and no four-dimensional local terms can change the coefficient of A B ∧ dA B on the sheet. In other words, also the integer part of the Hall conductivity is meaningful in our case. We claim that in fact such a term is not present and hence the baryon current Hall conductivity is precisely 1/N , as follows from (3.8). A quick way to understand this is to revisit the argument below (3.6). Due to the mixed axial-baryon anomaly, not only θ QCD but also the theta term for the baryon background gauge field shifts under η ′ → η ′ + 2π. Since the quark carries baryon charge 1/N , this leads to a shift of the baryon theta angle by 2π/N , which is exactly reproduced by the 1/N conductivity on the sheet. Another comment is that in this paper we focus on the implications of (3.8) for baryons at zero temperature and zero baryon chemical potential. However, this Chern-Simons theory on the sheet (3.8) could be also important for other questions, concerning various phenomena at finite baryon density. We leave this topic for the future. 13 Let us for a moment take the boundary to be a straight line along the y direction. The boundary term in the variation of the Chern-Simons action (3.8) is proportional to a t δa y − a y δa t .
This can be made to vanish by the general Dirichlet boundary condition a t = va y where v is the velocity parameter; it is the velocity of the chiral edge mode. In the present context, we have relativistic invariance in the (y,t) plane and hence we must have the edge mode moving at the speed of light. In some of the literature on the Chern-Simons theory with boundary, the boundary condition a t = 0 is used instead. Hence, the reader must be careful when comparing results with the literature. We thank O. Aharony for a discussion of this point.
follows from the coupling 1 2π a ∧ dA B , included in (3.8). We therefore see that the Hilbert space of states of the droplet is naturally in representations of the global symmetry group of the full QCD theory.
With Dirichlet boundary conditions for the gauge field a, famously, we find a chiral edge model, ω, moving at a velocity v which does not have to coincide with the speed of light. The chiral edge mode is periodic ω ≃ ω + 2π. (In this normalization, the theory of the edge has a factor of N in front.) The physics of this edge mode is very familiar from the fractional quantum Hall effect. Baryon symmetry acts explicitly on ω by shifting it, ω → ω + α. A particularly interesting boundary excitation corresponds to the exponential vertex operator in ω,
This is the minimal local operator that carries baryon charge. In the quantum Hall effect, it is the "electron operator," which creates one unit of un-fractionalized charge on the boundary (namely, it creates an electron on the boundary). The physical meaning of the operator (3.9) is that it creates a state where ω winds around the boundary circle. The baryon charge density is ∂ φ ω it clearly carries one unit of baryon charge. This classical configuration can be continued to the bulk of the sheet where there is a transparent Dirac string (see [30, 31] ).
The energy of the state corresponding to the operator (3.9) over the ground state is ∼ N/L and the spin of this operator is exactly N/2. This value fo the spin precisely matches the expected spin of the minimal baryon made out of one flavor! (Indeed, the spin of the baryon uuu, ∆ ++ , is 3/2.)
Let us clarify how we have computed the spin: First, we ask how the droplet with the state (3.9) transforms under rotations that map the disc to itself. This is the same as asking about the L 0 eigenvalue of the theory on the boundary (this also happens to be related to the energy gap of the boundary state (3.9) over the ground state since the boundary theory is chiral). For this we need to just compute the scaling dimension of the vertex operator (3.9) in the compact scalar theory on the plane. This comes from the two point function e iNω (x)e −iNω (0) , which in terms of the complex coordinate x on the plane is given by x −N . This means that the scaling dimension and spin of the vertex operator e iNω (x) is N/2. Therefore, when we put the theory on the cylinder and if the size of the circle is L, the energy stored in the boundary mode would be proportional to N/L and the spin is exactly N/2.
So far we have computed the eigenvalue of the state under rotations that take the disc to itself, L 0 . Next, we need to embed this configuration in an SU (2) spin representation and clearly the smallest such representation will be of SU (2) spin N/2.
14 Similarly to the confining string, as soon as there is a boundary, our Hall droplet prefers to shrink due to its tension (and the tension of the vortex loop surrounding the droplet (3.3) ). Since the tension of the boundary as well as the tension of the droplet are both positive and scale linearly in N , it is clearly preferable for the droplet to simply disappear. Indeed, without the winding mode (3.9) the droplet will eventually disappear as it is not protected by any conserved charge. But as soon as the vertex operator (3 .9) is excited, the non-perturbative creation of holes, or the natural tendency of the droplet to shrink due to its tension, cannot eliminate this configuration. The final product is a baryon with size that does not scale with N . More concretely, one can start from a classical configuration which is not an exact solution of the full system of the sheet coupled to the bulk, but the configuration carries baryon number, such as the configuration ω = φ that we discussed above. We can be certain that this configuration cannot disappear regardless of the fact that when the droplet becomes small the full set of equations governing the droplet is unknown.
One can understand qualitatively why the excitation corresponding to the baryon vertex operator (3.9) may stop the droplet from shrinking altogether: In the presence of the baryon vertex operator (3.9) there is a force that counteracts the tension of the droplet and the tension of the vortex loop. Qualitatively, the energy of a droplet of size L is (omitting unimportant numerical factors)
where T is the tension of the droplet (i.e. the tension of the sheet (3.5)) and T v is the tension of the vortex loop, which likewise scales linearly in N (3.3). These two terms simply prefer to shrink the droplet altogether. But the last term, which is due to the baryon vertex operator's energy above the ground state (it is essentially L 0 /L) counteracts the tension forces and may lead to a stable droplet with typical size Λ −1
QCD . Of course, by the time the droplet is small one cannot completely trust equation (3.10) (it is, however, trustworthy for large droplets), but it is encouraging to see that one can understand qualitatively why the droplet may be stable in the full theory in the presence of this vertex operator. Of course, it is guaranteed to be so because of the conservation of baryon number.
The fact that the baryon settles at a size of order Λ Let us summarize what we have found so far:
1. QCD in the large N limit admits a meta-stable 2+1 dimensional sheet, which carries a Chern-Simons theory on its world-volume. The theory on the sheet is nontrivial due to the fact that the η ′ effective theory has a subtle singularity. 
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We see that the wave function of the gluons in the baryon we constructed is somewhat exotic: the flux tube breaks near the surface of the baryon and the quarks turn into anyons.
In addition, the boundary admits chiral excitations which are gapless for large droplets.
While the physical, minimal-energy, baryon is a small droplet and hence the chiral edge modes are not well separated from other excitations, since the droplet is very long lived, we can also imagine (as a thought experiment) pumping energy and spatially stretching the droplet. For instance, we may impose Dirichlet boundary conditions. Then the chiral edge modes are parametrically the lowest lying excitations of the baryon, in addition to the Nambu-Goto excitations of the surface. In this limit many things can be rigorously computed, in particular, the wave function of the droplet and its quantum numbers. (One may also achieve stretching the droplet by rotating the whole system.)
Let us discuss some aspects of the physical interpretation of the baryon state we have considered (3.9). The total baryon number at the edge is 1 and therefore we can think about the baryon as a pancake with the quarks all sitting at the boundary.
But what if we try to push one of the quarks to the bulk of the pancake? Then we should study the Hilbert space of the disc, pierced by the fundamental Wilson line, P e i a .
The Hilbert space is now a module of the chiral algebra (see [30, 31] ). By that we mean that now operators on the boundary do not need to create integer winding for ω. We can have states on the boundary which, for example, correspond to the operators e ±iNω−iω .
These have baryon number 1 and -1, respectively.
The physical meaning of the B = 1 state above, e i(N−1)ω is that we have pushed one quark into the pancake and now there are N − 1 quarks on the boundary. The energy of this state over the ground state of the pierced disc scales like (N − 1) 2 /N L. The ground state of the pierced disc has the state e −iω on the boundary and its total baryon number vanishes. 15 Interesting previous interpretations of domain wall junctions in terms of heavy particles can be found in [33] and in the related work [34] .
In pure Chern-Simons theory, the Hilbert space of the pierced disc and the Hilbert space of the empty disc are entirely disconnected objects. Since there are no dynamical anyons but only probe anyons in the theory, the pierced disc Hilbert space can be thought of as the Hilbert space in the presence of a world-line for such a probe particle and therefore it is separated by an infinite energy gap over the Hilbert space of the empty disc. But in the present context, the quarks are not probe particles and it is therefore legitimate to compare the two situations. The ground state of the disc pierced by one quark therefore certainly has an energy higher than the ground state of the empty disc by something that does not scale with L since it comes from (at the very least) the rest energy of the anyon.
So while by pushing one quark inside the disc we gain a little bit, since the energy gap over the ground state of the pierced disc is now scaling like (N − 1) 2 /N L (rather than N/L), but we also loose because we have to pay some price which is L independent due to the world-line of the bulk anyon. Therefore, in the regime where everything is clearly computable (large L), the quarks tend to like to stay all near the boundary.
This perhaps makes sense in the microscopic picture -in this way the quarks can overcome the spin-spin repulsion in the most efficient way. When the droplet's size is of order Λ −1 QCD , we cannot compute all of its properties from first principles. We do not know for sure that the quarks do not drift inside the pancake. But it is tempting to think that what we have found above, namely, that the baryon density is localized near the edge, continues to hold true and the effective field theory description of baryons using the pure Chern-Simons theory is qualitatively correct. (The same point concerns the discussion
Let us consider now the SU (N ) gauge theory coupled to N f light Dirac quarks in the fundamental representation. We take θ QCD = 0 and we let the quarks have a small positive mass. At large N the η ′ particle is light and hence the infrared theory is well described by a matrix U ∈ U (N f ). The cohomology ring (with integer coefficients) is generated by T r((U −1 dU ) 2k−1 ) with 1 ≤ k ≤ N f . In particular, in four space-dimensions, the baryon current of the Skyrme model corresponds to ⋆T r((U −1 dU ) 3 ). This makes sense for N f > 1. Since the same current can be written for the SU (N f ) group manifold, one often ignores the η ′ in the construction of Skyrmions.
Let us however focus on the conserved current ⋆T r(U −1 dU ), which is the direct analog of (3.2). We can think about it as a two-form U (1) symmetry, and it is again unbreakable within the effective theory (and not spontaneously broken in the vacuum). Since the quarks have a small positive mass there is a unique trivial vacuum at U = 1I. The sheet which is protected by the symmetry ⋆T r(U −1 dU ) implements a jump of the matrix U from 1I
to e 2πi 1I. Let us consider some particular interesting sheet which does not support any Nambu-Goldstone bosons on its surface. In order to avoid having Nambu-Goldstone fields trapped to the sheet, along the trajectory of the field U , it has to be everywhere a scalar matrix, U = e For what follows, it will again prove very useful to perform level-rank duality
which generalizes (3.7). If we denote the gauge field of u(N f ) by a, then baryon number couples as before through
We would like to do more than to just couple the Chern-Simons theory to baryon symmetry.
We would like to couple it to the global isospin SU (N f ) symmetry, since that would allow us to read out the quantum numbers of our edge modes under isospin! This would be a new nontrivial consistency check of the picture as we could then compare the quantum numbers of the edge modes to those of the microscopic baryons. A quick way to understand the representation theory of the Hall droplet is as follows.
At first sight, it is somewhat confusing that the gauge symmetry of our TFT, U (N f ) N , is U (N f ) but also the global symmetry of the problem (including baryon number and isospin)
is U (N f ). This is actually a very happy coincidence since on the edge of the sheet the gauge symmetry becomes a global symmetry (this happens due to the Dirichlet boundary conditions, as in the previous section). Consequently, the Hilbert space of the droplet naturally furnishes a representation of baryon number symmetry and isospin, exactly as required. The fact that there is such a simple and natural boundary condition for the TFT that leads to states in representations of the symmetry group of QCD should be viewed as nontrivial consistency check of the whole picture.
Next, it is evident that if we consider a transparent Wilson line then it may end on the boundary and it leads to a genuine local operator on the boundary. In our discussion of the case N f = 1, this was the Wilson line P e iN a , which led to the vertex operator (3.9)
on the boundary. We can follow a similar strategy here and ask which Wilson lines in the TFT U (N f ) N are transparent. What we find is that the Wilson line in the representation Sym N ( ) of the gauge symmetry U (N f ) is transparent. 16 In other words, the Wilson line
with a a u(N f ) gauge field is a transparent line in the theory. We can now read out the quantum numbers of the corresponding boundary state. Since the gauge symmetry becomes a global symmetry on the boundary, we immediately see that the baryon number is 1, and the representation under isospin symmetry is Sym N ( ). We can also ask about the spin of boundary state. This requires a little bit more work, namely, we need to calculate the L 0 eigenvalue of this boundary state. This comes out to be precisely N/2 (to obtain this result one uses standard results about the chiral algebra corresponding to this U (N f ) N Chern-Simons theory).
We therefore see that we have described a state in the theory, which carries spin N/2, it is in the Sym N ( ) representation of isospin, and has baryon number 1. This state has the baryon density localized near the boundary.
Let us contrast this with the baryons in the microscopic, 3+1 dimensional, theory. We studied them in (1.1). We see that what we find with the droplet model precisely matches the baryon in the theory with N f > 1 that is made out of one flavor (and its friends under isospin -in QCD, where N = 3, we are describing the famous decuplet, whose members have spin 3/2). In addition, the mass and size of the baryon also agree with the expected scaling. It is hard to imagine that this detailed agreement is a coincidence.
Note that we have again only calculated the spin in the sense of the eigenvalue of the rotations in the plane of the sheet and this needs to be embedded in an SU (2) representation. But clearly the smallest such SU (2) representation has spin N/2.
So far we have only discussed the multiplet of baryons of spin N/2. In the future, the other baryons need to be described within this framework as well. This would allow for a detailed analysis of the spectroscopy of baryons and comparison with [37] .
A final question to discuss concerns with the connection of the Hall droplet picture with the Skyrmion model, which employs the conserved current ⋆T r((U −1 dU ) 3 ) and essentially ignores the η ′ dynamics. The above computations lead to the tempting picture that the η ′ dynamics, the associated Hall droplet and its chiral edge states describe well the high-spin baryons and for the low-spin baryons the ordinary Skyrmion picture is more appropriate. Note that since there is a unique baryon symmetry, the A B gauge field in (4.2) is the same one that couples in the bulk (i.e. away from the sheet) to ⋆T r((U −1 dU ) 3 ).
There should be transitions between the ordinary Skyrmions and our Hall droplets. It would be nice to understand how this works in detail.
In 
